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Chapter 0

Prerequisites

e Intuitive set theory
e Propositional logic
e Predicate logic

— Mathematical structure

A=(_A s Ry B f’l,...,F@;cl,...,ck)

. ~ Vv
UNIVErSe  relations on A operations on A elements in A

Example: 91 = (N; <;+,-;0,1) where N = {0,1,2,...}.
— Formal language (syntax)

* Variables

« Names for all relations, functions and constants of the structure (signature)
« Well-formed formulas (using V, A, =, =V, 3z)

* A = ¢ (A structure, ¢ well-formed formula), ¢ is true in A (Tarsky)

— Proof: T F ¢ (T theory (set of formulas), ¢ formula), ¢ is provable in T

— Godel’s completeness theorem: T'F ¢ <— VA)RA ET = A = ¢). In
particular, - ¢ <= (V)& = ¢).
—_—

e

e Induction

— Inductive definition
— Proof by induction

— Define functions recursively on inductive definitions

Example: Inductive definition of N ={0,1,2,...}.

(i) 0 € N (base)
(ii) If n € N, then n+ 1 € N (induction step)

(iii) (No other objects is in N if it is not obtained from above)

Example: Inductive definition of Q[z|, polynomials over Q.
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: a€Qz]ifaec
(i) { 2 € Qla] (base)

(i) { If p(z), q(z) € Q[z], then p(x) + q(x) € Q[x]

If p(x),q(x) € Q[x], then p(z) - q(z) € Q[z] (induction step)

Example: We want to prove A(z), where = varies over N.

— Prove A(0)
— Prove A(n) = A(n + 1) for each n
— Conclusion: YnA(n)

Induction: (A(0) AVn(A(n) = A(n+1))) = VnA(n)

Proof. Suppose =VnA(n). Then In.—A(n). Let ng be least such that =A(ng). But
A(0) is true so ng. Then ng = ny + 1. But A(ny) is true since ng was least. But we
have proved A(n;) = A(n; + 1). Thus A(ng) is true. Contradiction. O

Let S : N — N be defined by S(n) =n+ 1. S is called the successor function.

Example: Recursive definition of = + y over the inductive definition of N.

{$+0:x
r+y+1)=(r+y) +1=5(+y)

Example: Recursive definition of x - y over the inductive definition of N.

z-0=0
r-(y+1)=x-y+z



Chapter 1

Recursion theory

Recursion theory (computability theory) is the theory of algorithmically computable func-
tions. 1936 a simple inductive definition of the algorithmically computable functions were
found.

A concrete object is an object which has a concrete representation.

Thesis 1.0.1. Any set of concrete objects can be represented by the set of natural numbers.
Thus we do computability on N.

Notation 1.0.2.
N=1{0,1,2,...}
NF = {(ny,...,nx) : n; € N}, k=0,1,2,...
N° = {()}, contains one element,

1.1 Primitive recursion

Definition 1.1.1. The class PRIM is defined inductively by

(i) Each constant function f: NF — N is in PRIM.

(ii) The function P} : N* — N defined by Pi(zy,...,23) = 2, k> 1, 1 <i <k
(projection function) are in PRIM.

(iii) S : N — N defined by S(n) = n + 1 (successor function) is in PRIM.

(iv) If g : N* - Nand h; : N* — N for i = 1,...,n are in PRIM, then f : N* — N
defined by f(z1,...,zr) = g(hi(x1,...,2%),. .., hn(z1,...,27x)) is in PRIM.

(v) If g : N* — N and h : N*"2 — N are in PRIM, then f : N**!' — N defined by
f(@0)=g(7)if y=0and f(Z,y) =h(Z,y — 1, f(Z,y — 1)) if y > 0 is in PRIM.

Remark 1.1.2. Clause (v) in the above definition is often written as follows:



Examples 1.1.3. (i) Addition = + y:
Define the function ad(z,y) by

{ ad(z,0) = P}(x)
ad(z,y +1) = S(ad(z,y)) = S(PJ(z,y,ad(z,y))) = h(z,y,ad(z,y)),

where h(z,y,z) = S(PJ(z,y,2)).
Projection functions are very useful, here is another example: Suppose
f(w1, 2, 23) = g(h1(21, T2), ho(3)),

where ¢, h; and hy are primitive recursive. Show that f is primitive recursive. To
see this we define the following two functions:

h1($17$2,$3) = hl(Pg,l(m,Iz,ﬂC:s) P32(96‘17$2,I3))

ho(z1, To, x3) = ho(P3(x1, 22, 3))

Then f(x1, 2o, 23) = g(h1 (21, 2, 23), ha(z1, T2, 3)) is primitive recursive.

Thus: Thanks to the P} we can rearrange variables rather freely.

(ii) Multiplication x - y:
(iii) Exponentiation z¥:

(iv) Predecessor P(z):
Define the predecessor by

0 fxz=0
z—1 ifx>0

Plo) = {

Then P(z) is primitive recursive since

{x~0=0
Plx+1) =z = P)(z, P(2))

(v) Subtraction z — y:
Define the minus function by

s Jr—y ifz>y
v y_{O iftex <y

Then x — y is primitive recursive since

r— 0=z
{x4(y+1)=(1’4y)41=13(w4y)



(vi)

The sg-function:
Define sg-function by

() = 0 ifz=0
BTN 1 ifr>0

So sg(x) =1 — (1 = z) and hence primitive recursive by clause (iv) of definition
1.1.1.

Definition 1.1.4. Let A C N*. A is primitive recursive if its characteristic function

(7) = 1 ifreA
XA = 0 iftz¢ A

is primitive recursive.

Notation 1.1.5. We often write A(Z) for & € A.

Examples 1.1.6. (i) The relation < on N? is primitive recursive since

(i)
(iif)

r<y <= sgly — x)=1,

50 X< =sg(y — ).
< is primitive recursive.

The primitive recursive relations are closed under propositional connectives A, V, =
Proof. We have
A(Z) AN B(Z) <= xa(@) - xp(Z) =1,

SO XAAB = XA(f) 'XB(f)-
For vV we have
A7) V B(T) <= sg(xa(?) + xs(7)) = 1,

s0 xave = sg(xa(Z) + xs(Z)).
X-4=1—xa. u

Definition by cases:

Suppose f1(Z),. .., fo(Z) are primitive recursive and A (%), ..., A, (¥) are primitive
recursive relations such that for each & precisely one of the A;(Z) holds. Then f
defined by

fi(@) if Ay (D)

fn(Z) i An(T)

is primitive recursive.
Proof. We have that

F(@) = [i(T) - Xy (Z) + fo(F) - X, (F) + -+ ful) - X, (7).

Hence, since addition and multiplication is primitive recursive and since f; and A;
was primitive recursive, f is primitive recursive. O



(v) Bounded p-operator:
Let A C N*¥+1 be primitive recursive. Then

Least ¢t < z such that A(Z, t)if such exists
z otherwise

:utt<zA(fa t) = {

is primitive recursive.

Proof. Define a function f by

f(#,0)=0
f(@ z) if f(&,2) <=z
fZ,z+1)=¢ = if f(Z,2) =2z and A(Z, 2)
z+1 otherwise.

Then f is primitive recursive and f(Z, z) = ut;<, A(Z, t). O

(vi) Bounded quantifiers:
Let A(Z,t) be primitive recursive. Define B(Z,z) <= (3t < 2)A(Z,t). Then
B(#, z) is primitive recursive.

Proof. We have B(Z,t) <= ut;<.A(Z,t) < z, so B is primitive recursive. ]

1.2 Codings

Recall that for all x > 2 there exists a unique prime factorization
r=py°pit .. (ng > 0),
where p,, p1, pa, ... is the list of all primes.
Definition 1.2.1.
(i) Define (-,-,...,-) : N¥ — N to be the function

_ ko T1, T2
<.fE1,ZL’2,...,.CEk> = PoP1 P2

(ii) (z); = exponent of p; in the unique factorization.

(iii) 1h(z) = (x)¢ (length of tuple coded by x)

(iv) Seq(z) <= 2 #0A(Yn <z)(n>0A (), #0=n <lh(z))
Note 1.2.2.

e Everything above is primitive recursive.
e (-,-,...,-) are injective.

e (z); = i'" element of tuple coded by .
o 1; < (xy,...,Tk)

Fact: There is a “computable” function f : N — N such that for each primitive
recursive g : N — N there is ng such that n > ny = f(n) > g(n) (i.e. f dominates g).
The Ackerman function is such a function. Hence f is not primitive recursive.
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1.3 Partial (computable) functions

A function f : N¥ — N is a partial function if we do not require f(#) to be defined for
each Z. f is total if f(Z) is defined for each 7.

Notation 1.3.1.
(i) f(2)] means that f(Z) is defined. f(Z)T means that f(Z) is undefined.

(ii) If Expry, Expry are expressions, then we write Fxpr; ~ Exprsy if either Expr; and
Expry are both undefined or both are defined and equal. (Ezpr; and Exzpry are
said to be strongly equal or satisfy Kleene equality).

Example 1.3.2. (Composition) Suppose g, hq, ..., hy are partial functions and we define
f(Z) >~ g(h1(Z), ..., hi(Z)). Then f(Z)] if and only if h;(Z) for 1 < i < k and if h;(Z) = a;
for 1 <i <k then g(ay,...,a)l.

Note 1.3.3. If the h; and g are “computable” then f is “computable”.

Example 1.3.4. (Primitive recursion) Let f be a function defined by

= Wy, f(T,y)).

To compute f(Z,y) we have to compute f(Z,0), then f(#,1),..., then f(Z,y — 1) and
then h(Z,y, f(Z,y)). S

f(Z,0)] g( r)|
f@y+ D] = (V2 <y)(f(Z2)]) ATy, [(T,y))]

Example 1.3.5. (The p-operator) Let g : Nt — N be a partial recursive function.
Define f(Z) ~ pyl[g(¥,y) ~ 0]. f(Z) “equals the least y” such that ¢(Z,y) ~ 0.

To compute f(Z) we proceed as follows: Compute ¢g(Z,0). If it is defined an greater
than 0 then compute g(Z, 1), and so on until we find y such that g(#,y) ~ 0 Suppose for
example that ¢(#,0)7 and g(#,1) ~ 0. In this case the computation will go on forever
and we will not find the least y. So

f@)] = 3y(9(F,y) = 0A (V2 <y)(9(7, 2)| Ag(T, 2) > 0)).
If f(Z)] then the witness y is unique and we set f(Z) = y.

Definition 1.3.6. (Inductive definition of the class u-R of partial p-recursive functions.
Simultaneously we give an index (a name as a number) of the functions.)

(i) All constant functions are in u-R. If f : N* — N is a constant function with value
m, then (0, m,n) is an index for f.

(ii) All projection functions are in u-R. (1,7n,4) is an index for P:.
(iii) The successor function S(z) =z + 1 is in u-R. (2) is an index for S.

(iv) If g, hy, ..., hy € p-R, then f(Z) ~ g(h1(Z),...,h,(Z)) € u-R. Let e be an index for
g and e; index for h;. Then (3,e,eq,...,e) is an index for f.
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(v) If g,h € u-R with indices e, ¢/, then

and is given index (4, e, €.
(vi) If g € p-R with index e, then f(Z) ~ uy[g(Z,y) ~ 0] € u-R and is given index (5, €).
If f € u-R we say f is partial p-recursive or partial recursive.

Definition 1.3.7. A relation R C N is recursive if the characteristic function xg is
recursive.

Note 1.3.8. Each f € p-R has infinitely many indices.
Proposition 1.3.9. Each [ € u-R is “computable”.
Thesis 1.3.10 (Church-Turing thesis). Fach “computable” function is in p-R.

Theorem 1.3.11 (Normal form theorem). There is a primitive recursive function
U:N— N and Vn > 1 there is a primitive recursive (n + 2)-ary relation T,, such that for
each partial recursive f, n-ary, there is e € N such that

(i) f(z1,...,2,)] <= FyT.(e,x1,...,2,,y), where f(¥) ~ z and y = (z,w), z is the
value of computation and w is a code for the computation.

(i0) f(x1,...,2,) 2 U(uyTo(e,x1, ..., 20,y)). U(z) = ()1 so it is primitive recursive.

Remark 1.3.12. T,, is Kleenes T-predicate.
Terminology 1.3.13. e is an index for f.

Note 1.3.14. Each e € Nis an index for a partial recursive function f(Z) ~ U(uyTn(e, Z,y)).
Definition 1.3.15. ¢£")(x1, ooy p) = UlpyTh(e, z1, ..oy 20, y)).

Remark 1.3.16. If n = 1, then we write ¢..

Remark 1.3.17. The family ¢£") for e € N make up all the partial n-ary recursive functions.

Theorem 1.3.18. There is an (n+ 1)-ary partial recursive function ® such that for each
e,x
(e, 7) =~ oM (),

the universal function or universal machine.
Proof. ®(e,Z) ~ U(uyT (e, Z,y)). O

Example 1.3.19. Let f(Z) ~ z, f partial recursive. We want to code computation as a
labelled tree. Each label is of the form (e, (), z), where e is an index, Z is the arguments
and z is the value.

(i) Constant n-ary function with value m:

((0,m,n), (F),m)
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(ii) Projection Pi(Z) = ;:

((1,n,3),(Z), ;)

(iii) Successor function S(z) = = + 1:
((2), (), x +1)

(iv) Composition f(Z) ~ g(hi1(Z),...,h,(Z)) ~ z. We know that h;(¥) ~ z; and
g(z1,...,2,) =~ z. Assume that h; has index e; and that g has index e. Induc-
tively we have trees for these:

(v) Primitive recursion:

(vi) p-operator: f(Z) ~ utlh(Z,t) ~ 0] ~ t. Suppose g has index e.

(Tree for g(Z,0) =~z > 0) T} (e, (Z,0), z0)

(Tree for g(Z,t — 1) ~ z,_; > 0) Tt—l}: e, (7,1 — 1>7Zt—1>: ((5,e), (@), 1)

(Tree for g(Z,t) ~0) T,} (e, (Z,t),0)

Suppose that we have a computation tree

T}
T Lo,

Ty}

where v is the label of the top node. Inductively we can code T; as a number Tl Then
code T as T = (U,Tl, . ,Tk)

Fact: The set of codes for computation trees is primitive recursive.

T.(e,T,y) <= e is an index for p-recursive function f, y = (z,w),z ~ f(¥) and w is a
code for the computation tree of f(Z) ~ z.

Fact: T, is primitive recursive.

1.4 Recursively enumerable sets

Definition 1.4.1. R C NF is recursive if X R 18 recursive.

Proposition 1.4.2. Recursive relations are closed under propositional connectives, i.e.
VoA,
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Proof. (A) Suppose R and S are k-ary recursive relations. Then xras(Z) = xr(Z) - xs(Z)
and hence R A S is recursive. O

Proposition 1.4.3. Recursive relations are closed under bounded quantification.
Proof. As for primitive recursive relations. m

Note 1.4.4. Recursive relations are not closed under bounded quantification.

Definition 1.4.5. A relation R C N is recursively enumerable (r.e.) if there is a partial
recursive function f such that R(Z) < f(Z)].

Definition 1.4.6. Define dom(f) and ran(f) as follows:

dom(f) ~ {# € N*: f(Z)|}

ran(f) ~ {y € N: 37 € N*. f(Z) ~ y}.
Proposition 1.4.7. If R is recursive, then R is recursively enumerable.

Proof. Define
f(@) 2= pyly +1 = xr(@)].
Then R = dom(f). O

Definition 1.4.8. W™ = {(xl, ceyTy) €N m (21, ... ,xn)l}.

Remark 1.4.9. We have an indexing or enumeration of all the recursively enumerable
relations.

Remark 1.4.10. If n = 1 we write W, for We(l).
Proposition 1.4.11. Recursively enumerable relations are closed under N,V.

Proof. (A) Suppose R and S are recursively enumerable. So R = dom(f), S = dom(g),
where f, g are partial recursive functions. Define h(Z) ~ f(Z) + ¢(Z) and h(7)] <

f(@)] ng(@)]

(V)

R(Z) < T (e1,7,y), R=wP

S(F) «= WT(es,T,y), S=WP.
Define

h(Z) = py(T(e1, Z,y) V T(e2, Z,y)).

Then h(7)| <= R(Z) Vv S(Z). 0
Proposition 1.4.12. A k-ary relation R is recursive if and only if R and the complement
of R are recursively enumerable.

Proof. (=) Already done.
(<) Suppose R = dom(f) and =R = dom(g). Let W = R and WP = —R. Define

f(f> = My[T(eb fa y) \ T(627 fa y)]
We know that VZ3y f(Z) ~ y so f is total. Define yg by

o 1 i T (e, @, f(T))
Xr(7) —{ 0 if T(es. 7, £(7)).
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Proposition 1.4.13. A set A C N is recursively enumerable if and only if A = 0 or
A =ran(f) for some total recursive f.

Proof. (<) If A=), then A =dom(g), where g is always undefined, for example g(y) ~
pz(z # z]. Suppose A = ran(f), f total recursive. Define

g(x) = pylf(y) = 7]

(f(y) = @ is recursive since f is total). Clearly dom(g) = ran(f).
(=) Recall that (x), is the exponent of p, in the unique prime decomposition of z.
Suppose A =W, s0 x € A <= FyT(e,x,y). Suppose A # (). Let a € A. Define

f(.%) — { <x>1 if (3y S (JI)Q)T((?, (a})l’y)

a otherwise.

Note that f is total and recursive. Claim: A = ran(f). Clearly ran(f) C A. Suppose
z € A. Then Jw.T (e, z,w). Let z = (z,w), so (x); = z and (z); = w. Hence (Jy <
(x)2)T (e, (x)1,y) is true so f(x) = (x); = z, so z € ran(f) O

Proposition 1.4.14. If R(Z,y) is recursively enumerable, then JyR(Z,y) is recursively
enumerable. (Recursively enumerable relations are closed under 3.)

Note 1.4.15. This is not true for recursive relations.
Proof. Since R is r.e. we have R(Z,y) <= 3zT(e, Z,y, z) for some e. Thus
JyR(Z,y) <= Fy3T(e,Z,y,2) <= FwTl (e, T, (w)1, (w)a).

Define
f(@) = py[T(e, Z, (w)1, (w)2)]-
f is partial recursive and dom(f) = R. Hence JyR(Z,y) is r.e. O

Definition 1.4.16. Let f : N — N. Then G; = ((#,y) : f(x) ~ y), the graph of f.

Proposition 1.4.17. A function f is partial recursive if and only if Gy is recursively
enumerable.

Definition 1.4.18. Ky = {(z,y) : ¢.(y)l} and K = {x € N: ¢,(z)]}
Theorem 1.4.19. K is a recursively enumerable set which is not recursive.

Proof. Let ® be the partial recursive enumeration function. Then define

f(z) ~ { ®((z)1, (7)2) if Seq(z) Alh(z) = 2

l otherwise.
Then we have
f@) <= z=(y,2) N®(y,2)| < (y,2) € Ky < z € K,.

Hence Kj is recursively enumerable.
Suppose K is recursive. Then define

oy = { 01 et

otherwise.

Thus g is total recursive since K| is recursive. So g = ¢, for some e. We know that
(e,e) € Ky. Hence ¢.(e) = g(e) = ¢.(e)+1. Contradiction. Hence K is not recursive. [
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Proposition 1.4.20. Let ¢1,...,g, be partial recursive functions. Let Ry,..., R, be
recursively enumerable relations (all k-ary) such that YT at most one of the R;(Z) holds.

Then

gu(#) if Ro()

T otherwise

18 partial recursive.

Proof. Recall that f is partial recursive if and only if its graph Gy is recursively enumer-
able. So

[(@) =y = (Bi(Z) A gr1(F) = y) V (Ro(Z) A g2(T) = y) V... V(R (T) A gn(T) = y).

Recursively enumerable relations are closed under A,V so Gy is recursively enumerable,
and hence f is partial recursive. O

1.5 Smn theorem

Suppose that f: N" x N™ — N is partial recursive. Let ay,...,a, € N. Define

g(y17"'7ym) :f(alv"‘vanayh"'?ym)'

Thus g is partial recursive. The Smn theorem then tells us that we can calculate an index
for g from the index for f and from ay,...,a,.

Theorem 1.5.1 (Smn theorem). Let m,n > 1. Then there is a primitive rcursive
function S}, such that

¢S;§L(e,x1,...,$m)(y17 s 7yn> = Qbe(l'l, vy Ty Yty - - 7y'ﬂ)
for each e, X, 7.

Remark 1.5.2. The universal function ®(e,Z) ~ ¢.(Z) tells us that a program can be
viewed as data. Smn theorem tells us that data can be incorporated into programs.

Proof. Recall our indexing of p-R:
e t(x) = (0,z,1) index for the constant function with value .
e (1,1,1) index for P! (Projection function)

e If e is an index for g, e; index for hy and ey index for hy, then (3,e, e, es) is an

index for f(z) ~ g(hi(x), ha(x))

S0 ¢u(z)(y) = x and ¢(1,1.1y(y) = y. Suppose for simplicity that m = n = 1. Then

Ge(,Y) ~ de(Dra)(¥), 01.1,1)(Y)) = O3 e(2),01,1,10) (Y)-

Let S} (e, ) = (3,¢,t(x), (1, 1,1)), so S} is primitive recursive. Hence ¢(z,y) =~ ¢g1(c.0)(Y)-

16



1.6 Uniformities

Suppose f1, ..., fr are partial recursive functions, and that we from these functions con-
struct a new partial recursive function g. Then g is said to be obtained uniformly from
f1s--., fr if there exists a primitive recursive function S such that if e;, ..., ex is an in-
dex for fi,..., fx, then S(e; ..., ex) is an index for g (similar for recursively enumerable
relations).

Example 1.6.1. Union of recursively enumerable sets are uniformly recursively enumer-
able, i.e. there is a primitive recursive function S such that for each ey, e;

Wel U W62 = WS(el,eg)'
Proof. By definition we have

xeW,, < FT(ey,x,2)
r e W, <= F2T(es,x,2).

Then
€W, UW,, < 3F2T(e1,x,2)V 32T (eq,x, 2).

The righthand side above is a recursively enumerable relation R(ej, ez, z). Let e be an
index for R. So

de(er, 62, 7)| < Rley,en,x) < x € W, UW,,.
Now the Smn theorem gives
¢S%(e,el,eg)(x) = ¢e(€17 €2, I)

Let S(er, e2) = S3(e,e1,e2), so S is primitive recursive. Thus ¢ge, e,) (%) = ¢c(e1, €2, ),
and
¢S(€1,62)(x)l < I €& We1 U Weg-

Hence Wg(e, ep) = We, UW,,. [

1.7 m-reducibility

Definition 1.7.1. Let A, B C N. A is m-reducible to B, A <,,, B, if there is a total
recursive function f : N — N such that

reA < f(x) € B.

Remark 1.7.2. B at least as complicated as A. Suppose that we can decide B. To decide
A we do as follows: Calculate f(x). If f(x) € B, then z € A. If f(z) ¢ B, then z ¢ A.

Remark 1.7.3.
e A <,, A via the identity.

e If A<, Band B <, C, then A <, C. If f is a witness to A <,,, B and ¢ is a
witness to B <,,, C', then h = g o f is a witness to A <,,, C.

Hence <,, is reflexive and transitive.
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Definition 1.7.4. A=,, B «<— A<,,Band B<,, A
Example 1.7.5. If A and B are recursive (and not equal () or N), then A =,, B.

Example 1.7.6. Suppose A is recursively enumerable. Let Ky = {(z,y) : ¢.(y)|} Then
A<, B.

Proof. Let A =W,, soy € A < ye W, < ¢.(y)]. Define f(y) = (e,y), total
primitive recursive function. Now

yeA = o¢.(y)l = (e,y) € Ky < f(y) € Ko.

Example 1.7.7. (Method to show that A is not recursive)
Show that there is a non-recursive set B such that B <,,, A.

Proof. Suppose A is recursive. Given z, compute f(x) and decide f(x) € A. But then B
is decidable. Contradiction. Hence A is not recursive. O

1.8 Rice’s theorem

Given a class C of partial recursive functions, can we decide C? To make the problem
precise, we study indices for partial recursive functions. Given such a class C, let A =
{e € N: ¢, € C}. Then A has the following property:

e€ANG, = ¢ — € € A.
Definition 1.8.1. A set A C N is called an index set if e € AN ¢ = ¢ — €' € A.
Remark 1.8.2. If A is an index set, then N\ A is an index set.
Theorem 1.8.3 (Rice’s theorem). If A is a recursive index set, then A =0 or A =N.

Corollary 1.8.4. If C is a decidable class of partial recursive functions, then C = () or
C contains all partial recursive functions.

Example 1.8.5. None of the following sets are recursive.

{e: W, # 0}

{e : W, finite}

{e : W, infinite}

{e : ¢. total function}

Proof of Rice’s theorem. Let A be an index set, A # () and A # N. We show K <,, A,
so then A is not recursive. We need to find S : N — N, total recursive such that
r € K <= S(x) € A. Assume that indices from the totally undefined function are not
in A. Let a € A. Now we use the following idea:

TE€K = ¢su) = ¢a = S(x) € A
r ¢ K = S(x) index for the totally undefined function = S(x) ¢ A.
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Define
to(y) frxe K

T otherwise.

f(z,y) 2{

Thus f is partial recursive, say f = ¢.. Fix such e. By the Smn theorem

a if v € K
D5 (en) (Y) = f(z,y) ~ { ? g i)t}fefwise.

Let S(z) = S}(e,x), S is primitive recursive. Now

re K= QbS(x) (y) = ¢a(y)vy
r ¢ K = dpga)(y)Vy

1.9 Recursion theorem

Theorem 1.9.1. [Second recursion theorem, Kleene/
For each (n + 1)-ary partial recursive function f there is an index e s.th. for all T

Proof. Given f partial recursive, define

Wy, ©) = f(Sp(y,y), T).

Thus h is partial recursive, so h = ¢((1n+1) for some fixed a. That is ¢,§"+1)(y, Z) = h(y, %)

for all y and Z. By smn-theorem ¢((1"H)(y7 7) ~ ¢g’"§)(a y)<f)7 o
B0y () 2 By, ) = F(Sh(y, y), ).
Now put @ = y. Then
d)g;il)(a,a) (Z) ~ f(Sh(a,a),T).
Let e = S!(a,a), and the statement follows. 0

Remark 1.9.2. e is obtained uniformly (can be computed) from an index for f.

Corollary 1.9.3. Let f : N — N be a total recursive function. Then there is an e € N
such that V¥

o0 (@) = 05 (7)
(i.e. ¢f(e) = (;56).

Proof. We have that
o) (&) = OW(f(y), ) = h(y, 7).

By the second recursion theorem there is e € N such that ¢.(Z) ~ h(e, ©)Vx. Then

$e(T) > h(e, @) ~ ¢e(T) = dy(e) ()
for all Z, and hence ¢, = ¢y m
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Corollary 1.9.4. Suppose f : N — N is total recursive. Then there is e € N such that
Wiy = We.

Proof. There is e such that ¢.) = ¢. by Corollary 1.9.3. We have Wyy = dom(dy )
and W, = dom(¢.). Hence Wy = W, O

Example 1.9.5. Show: There is e € N such that W, = {e}.
Strategy: Construct total recursive f such that for each y, Wy = {y}. Suppose done.
Then by Corollary 1.9.4 there is e € N such that Wy = W...

Construct such f. Define

0 ifx=y
T otherwise.

9(x,y) ~ {

g is partial recursive so it has an index, say a. The Smn theorem now gives ¢g1(,.4)(y) =~
g(x7y) and g(:E,y)l — T =Y. Hence ¢S}(a,$)(y)l — T =Y, and WS%(a,x) = {ZL’} Let
f(z) = Si(a,z). Then Wy, = {z}.

Example 1.9.6. Let g, h, « be partial recursive functions. Define f by

{ f0,y) ~ g(y)
flxz+1,y) = h(z,y, f(x,ay))).

Is there such an f? Is f partial recursive?
Define

N 9(y) ifx=0
Yle, z,y) ~ { h(x —1,y,®(e,z — 1,a(y)) if z > 0.

Note that v is partial recursive. By Theorem 1.9.1 there is a fixed e such that

N N g(y) ifz=0
gbe(q:,y) ~ ¢(e,x,y) - { h(:C — 1,3/,(1)(6755 — 1,04(3/)) if x> 0.

Let f = ¢.. Then f satisfies the original equation and f is partial recursive.
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Chapter 2

Godel’s theorems

Theorem (First incompleteness theorem). If 7" is a consistent, first-order theory
with a decidable set of axioms containing a sufficient amount of arithmetic, then there is
a sentence  such that neither ¢ nor —y is provable from 7. So then T is incomplete.

We have the following fact: If T" has a bit of arithmetic, then there is a sentence Con(T)
which says “T" is consistent”.

Theorem (Second incompleteness theorem). With the assumptions on 7" above,
then Con(T) is not provable in T

So to prove “T" is consistent” we have to use a stronger theory 7".

2.1 Structure of the proof

The idea of the proof is the lier paradox “I lie”. Godel’s variant of this is “I am unprov-
able”. To prove the theorem we go through the following steps:

e Define a theory Py, a finitely axiomatized fragment of Peano arithmetic.
e P, shall talk about formulas, proofs etc.
e Show that every total recursive function is representable in Py (by formulas).

e Code syntax, proofs using primitive recursive functions (Godelization), so these are
representable in F.

e Using self-references and diagonalization, we obtain the result.
The assumptions are the following:

e First-order language with equality.

e Formal proof T+ .

e Truth and truth in a model M |= ¢.

e Completeness: T'F ¢ <= for each model M = T we have M = .
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Notation 2.1.1.

e We use x,y, 1y, ... as formal variables.
e o(x1,...,1r,) stands for a formula where all the free variables are among 1, ..., x,.
e We use “=" for equality in the formal language.

In the proof we use the standard model of arithmetic, 91 = (N;0; 5,4+, -; <), where N =
{0,1,2,...}, S is the successor function and < is the usual less-than relation. The language
L we use consists of a constant symbol 0, a unary function symbol S, two binary function
symbols +, - and a binary relation symbol <.

We also have 0™ = 0, S™ = S, ..., the interpretations of the symbols.

2.2 Peano’s axioms
Axioms 2.2.1 (Peanos axioms).
1. 0 s a number.
2. If n is a number, then there is a number n', the successor of n.
3. For each number n, n' # 0.
4. For numbers m,n, if m" =n' then m = n.

5. Induction: For each set ACN, if0€ A andifne A—n' € A, then A consists of
all numbers (A =N).

Remark 2.2.2. Axiom 5 of Peano’s axioms (2.2.1) is a second order statement.
Axioms 2.2.3 (Axioms for P, Robinson’s arithmetic).

Al Va(S(x) #0)

A2. Vx3y(x #0 — x = S(y))

A3 VaVy(S(z) = S(y) — = =vy)

A4 Va(z + 0=1)

A5 Vavy(z + S(y) = S(z + ¥))

A6. Vr(x
A7 NaVy(z - S(y) =«

(
A9. YaVy(z < S(y) <z < yVz=y)
(

A10. VaVy(z < yVax=yVy < z)
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Now Py, = Al, A2,..., A10. Suppose we want to show Py - . We have Py F ¢ <=
Py = ¢. Py = ¢ means that M = Py = M = Fy. We show that ¢ holds for an arbitrary
9 such that M = F.

Definition 2.2.4. For each n € Nlet n = §55...5(0). n is called a numeral and is a
———

n times
term in the formal language (syntactic object).

Definition 2.2.5. Suppose 9 |= Py. Then the standard numbers in 9 is the set {n™ :
n € N} (where 9 = (M;0; 5, +, ; <)).

Lemma 2.2.6. Let M = Py. Let a € M be standard. Let b < a (in M). Then b is

standard.

Proof. (Induction on n)
n=0,ie. a=0" We know that 9 = Vo(—=(z < 0)), so no such b exists and hence we
have nothing to prove.

Suppose true for n. Consider n + 1. Suppose b < n + 1™ in M. By Axiom A9 (of
2.2.3) we have b < n™'v b= n™. If b < n™, then b is standard by induction hypothesis.
Otherwise b = n™ so it is standard. O

Lemma 2.2.7. {ybVe(r <n—z=0Vz=1V...Voz=n—1) for each n.
Lemma 2.2.8. Py - m < n if and only if m < n.

Lemma 2.2.9.
+m=n+m

2.3 Representability

Definition 2.3.1. Let f : N — N be a total function. Let ¢(y, z1,...,x)) be a formula
in L. Then ¢ represents f if for each tuple ny,...,nxy € N

Py EYy(o(y,na,...,ng) < y= flng,...,ng)).

Definition 2.3.2. Let A C N be a k-ary relation and ¢(z1,...,zx) a formula. Then ¢
represents A if Vnqy,...,ny € N

Alny,...oni) = Pyl p(ng, ..., ng)

—A(ng, . .ong) = P —op(ng, ..o ng)
Note 2.3.3. ¢ represents A <= x4 is representable.
Theorem 2.3.4. Every total recursive function is representable.
Lemma 2.3.5.
(i) All constant functions are representable.
(ii) Projection functions are representable.

(#ii) The successor function S : N — N is representable.
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Proof.
(i) ¢n(Z) = n, constant function with value n, is represented by y = n.
(i) Pi(ny,...,n) = n; represented by y = ;.
(iii) S : N — N represented by y = S(z) = ¢(y, x).
O

Lemma 2.3.6. Suppose h: N™ — N and g; : N* — N fori=1,...,m and that these are
representable. Then f : NF — N defined by f(Z) = h(g.(Z),. .., gr(Z)) is representable.

Proof. Let p(y, 21, ..., 2m) represent h and ¥;(z;, z1, ..., x)) represent g;. Define
6(3/73:17 s 7xk) by
dz1,..., 32, (gp(y, Z1ye s Zm) A /\%’(zi,fﬂh . ,xk)> .
i=1
Then 0(y, x1,...,x) represents f. O

Lemma 2.3.7. Suppose g : N**1 — N is representable, and suppose furthermore ¥ Jy :
9(Z,y) = 0. Then f(Z) = pylg(Z,y) = 0] is representable.

Now we want to prove Theorem 2.3.4 for primitive recursion

f(@n+1)=h(Zn,w,) = wWyi1.
So (wg, wy, . .., w,) codes computation of f(Z,n). We want a formula ¢(v, ¥, y) such that

Pk p(v,m,n) < v=f(Zn).
Informally we can write

Fa((a)o = g(m) A (Vi < n)(h(m, i, (a)i) = (a)i1) Av = (a)n).

5
<
3]
s
I

Suppose g, h are representable, then replace g and h by their representing formulas to
get a representation for f. The problem that now arises is that we have used projection
functions before we have shown that these are representable. To prove the statement we
need the following lemma by Godel.

Lemma 2.3.8 (Godel). There is a total representable (recursive) function 3(i,a,b) (B :
N3 — N) such that if ng, ...,nx € N are given, then there is a,b such that 3(i,a,b) = n;,
i=0,.. .k
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2.4 Coding of syntax

We have to code the following:

e Language (Terms, formulas, sentences,...)
e Substitution of terms into terms/formulas
e Proofs (Formal proofs)

e Theorems

For this we fix a coding (-,-,-) : N> — N such that ((z)y, (2)s, (z)3) = z, (+); primitive
recursive.

2.4.1 Language and substitution

We have the language L = {0, S, +, -, <}, “=" logical symbol. Let vy, v, vs, ... be variables
in the language.

Definition 2.4.1 (Coding of terms). We code terms in the language as follows:

0 0=(0,0,0
Base { o iw :<<z’+ 1,> 0,0)

t=5S(t1) #t = (#11,0,1)
Ind. t =11+t #t = <#t1, #tg, 2>

t=t1 -t Ht = (#t1, #15,3)

Assume (-, -, -) is bijective and (x); < z.
Lemma 2.4.2. Term = {#t : t is a term} is primitive recursive.
Proof.

ze€Term <= (((z)1 =(2)2=0) V((&)2=1A(x)1 =0A (z)y € Term)
Jo=2A (), € Term A (z)o € Term)
V((z)2 =3 A (2); € Term A (z) € Term) )

Definition 2.4.3 (Coding of formulas). We code formulas as follows:

Base F#(t1 =to) = (F#t1, #t2,4)
(tl < tg) = <#t1, #tg, 5>
#(—p) = (#¢,0,6)
#pANY) = (Fo, #Y,7)
Ind. #(p =) = (#, #¢,8)
#(Vonp) = (#p,n,9)
#(Fvp) = (#¢,n,10)

Lemma 2.4.4. Form = {#y : ¢ is a formula} is primitive recursive.

Suppose s, t are terms. Then s[t/v,] is the term where each occurrence of v, is replaced
by t. Suppose ¢ is a formula. Then sg[t/v,] is the formula where each occurrence of v,
is replaced by t.

Lemma 2.4.5. sub,(n, #t, #s) = #s[t/v,] and subs(n, #t, #¢) = #p[t/v,| are primitive
TecuTsive.
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2.4.2 Proofs and theorems

e A proof is a list of formulas (finite) such that each formula is either an axiom (logical
or non-logical) or the formula is the conclusion of the rule whose premisses appears
earlier in the list.

e A theorem is the last formula of a proof.

e Examples of logical axioms

B A Chndd)

— = W—=0)=(p—9) = (p—10)

— g =

— Yo,.0 — @[t/v,] (t is substitutable for v, in ¢)

“__»

— Axioms for equality
e Logical rules:

L =y
(0

o —

© — Vou

(Modus ponens)

Suppose we have a proof @1, v, @3, ..., ©n.
Then we code the proof by (#¢1, #pa, ..., #on).

2.5 First incompleteness theorem

2.5.1 Preliminaries

We have coded syntax primitive recursively, i.e. terms, formulas etc., so we can talk
primitive recursively about free variables, sentences etc. We also know that there is a
primitive recursive function suby : N* — N such that if #t is a code for a term and #¢
is a code for a formula, then subys(n, #t, #¢) = #(p[t/v,)).

Definition 2.5.1. A theory T is axiomatizable if there is a set of axioms Axy such that
{#v : p € Axp} is recursive.

Definition 2.5.2. Th(T') = {#¢ : T I, ¢ is a sentence}.

Proposition 2.5.3. If T is axiomatizable, then the set of (codes for) proofs in T is a
recursive set.

Definition 2.5.4. Drv(T) is the set of pairs (n,m) with n = #¢ and m is a code for a
proof with ¢ as the last formula.

Lemma 2.5.5. Drv(T) is recursive if T' is axiomatizable.
Corollary 2.5.6. If T is axiomatizable, then Th(T) is recursively enumerable.

Proof. #¢ € Th(T) <= “p is a sentence” A Im.(#¢, m) € Drv(T). O
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Definition 2.5.7. 7' is complete if for each sentence ¢ T ¢ or T = —p.

Theorem 2.5.8. If T' is axiomatizable and complete, then T is decidable, i.e. Th(T) is
TeCUTsive.

Proof. Th(T) is recursively enumerable so it suffices to show that the complement is
recursively enumerable.

m ¢ Th(T) <= “m is not a code for a sentence” V (m = #¢ A #(—p) € Th(T))

Hence the complement is recursively enumerable, and by Proposition 1.4.12 Th(T) is
recursive. [

Lemma 2.5.9 (Cantor’s diagonal lemma). Let P(n,m) be a binary relation on bbN.

For each n let Py <= P(n,m), so Py is a unary relation for each n. Define a unary
relation Q by Q(n) <= —P(n,m). Then Q differs from each P,

Proof. If QQ = P, for some n, then

Puy(n) < Q(n) £ —P(n,n) £ -P,,

so we have a contradiction. Hence () = P for all n. m

2.5.2 Assumptions

Suppose T is consistent, axiomatizable and extends F,. Assume the variables are vg, vy, . . ..
Define

A={#¢p € Form : FV(p) C {vo}}

(i.e. A is the set of codes for formulas with vy as the only possible free variable). Then A
is primitive recursive since FV(y) is primitive recursive.
Next define f by f(n) = #n (code for the numeral n). Then f is primitive recursive

since £(0) = (0,0,0)
fin+1) = {f(n),0,1).

Now define g: N* — N by g(n,m) = sub;(0, f(n),m). Thus g is primitive recursive. Now
note that if #¢ € A then

9(n, #tp) = #(pln/vo]) = #e(n).

Let B be defined by B = {(n,m) : m € AA g(n,m) € Th(T)}, so B is recursively
enumerable. Then

(n,m) € B <= m = #p(vy) and T F p(n).

2.5.3 Main argument

Assume that Th(T') is recursive (to obtain a contradiction). Then B is recursive. Note
that if #¢ € A then

B(#, #¢) <= T F o(#yp).
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Let Q(n) &y B (n,n) (diagonalize). Then @ is recursive. By Theorem 2.3.4 there

is a formula 1 (vy) representing ). Thus

Qn) = P -vn)=TkFy(@n) (2.1a)
~Q(n) = P+ (n) = T+ —(n) (2.1b)

So it follows that T'F ¢ (n) or T F —4(n). Now

def,

Q#Y) £ —B(#u, #9) <5 not(T - (#v)). (2.2)

But Q(#v) = T F ¥(#v¢) by (2.1a), so if Q(#1) we obtain a contradiction. Hence

—Q(#v). By (2.1b) T'F —p(#¢). But by (2.2) not not(T' F ¥(#v)), i.e. T = (F#v).
Now since T is consistent and cannot prove both ¢ (#v) and =9 (#v), so we get a con-
tradiction. We conclude that Th(7") is not recursive. So the theorem below is proved.

Theorem 2.5.10 (First incompleteness theorem). If T is a consistent, first-order
theory with a decidable set of axioms containing a sufficient amount of arithmetic, then
there is a sentence ¢ such that neither ¢ nor —¢ s provable from T. So then T 1is
incomplete.

2.6 Church’s theorem and the second incompleteness
theorem

Theorem 2.6.1 (Church’s theorem). Predicate calculus is undecidable (at least with
the language L). Predicate calculus consists of logical axioms only. That is Th(D) is not
recursive.

Proof. P, has only finitely many axioms Ay, ..., A10. Let p = A1V A2V ...V A10. Then
PyF1Y < ¢ F 1 for each 9.

We use the deduction theorem ¢ -1 <=+ p — -
Py F ¢ is undecidable, so ¢ I 1 is undecidable, so - ¢ — 1) is undecidable. O

Remark 2.6.2. Church’s theorem holds if L contains at least one binary relation.
Recall the definition of Drv(T):

Drv(T) = {(n,m) : n = #¢ and m codes proof T F ¢}.
Drv(T') is recursive, so Drv(T') is representable by a formula, say Proof;(v, w). Now define
Con(T") = 3w Proof(#(0 = 1), w),

a formula in L saying that T  is consistent. Let P be the full Peano arithmetic, i.e. B
and all induction axioms.

Theorem 2.6.3 (Second incompleteness theorem). With the assumptions on T
above, then Con(T) is not provable in T.
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Chapter 3

Set theory

Set theory is a universal theory. Functions, relations, etc. are sets. Set theory is axioma-
tizable, so Godel’s theorems apply:

e Not everything can be proved, nor disproved
e Set theory cannot prove its own consistency
But what is a set?
Proposal: A set is a collection of objects.

But what are objects? Concrete objects, numbers, sets are objects. If z is a set, then {z}

and {{z}, {{z}}} are sets.

Georg Cantor created set theory. He developed arithmetic for infinite objects (ordinals,
cardinals).

Proposal: A set is a collection of objects satisfying a given property (extension of a
property).

Russell: Consider a set
A={X aset : X ¢ X}.

Suppose A € A. Then A ¢ A. Contradiction. So A ¢ A. But then A € A, so we have a
new contradiction. Conclusion: A must not be a set!

We axiomatize set theory. Zermelo gave axioms for set theory (1908). Fraenkel added
one axiom (1922). This is the Zermelo-Fraenkel (ZF) set theory.

3.1 ZF set theory

The language of ZF is Ly = {€}, ZF is a first-order theory with equality. Let V' be the
universe of sets.

Axiom 0 (Existence of a set). There is a set.

Axiom 1 (Extensionality). Given sets a and b, then a = b if and only if a and b has
the same members.

Axiom 2 (Pairing). If a and b are sets, then there is a set ¢ such that the members of
c are precisely a and b.

29



Note 3.1.1. Extensionality tells us that the set ¢ is unique. Define {a,b} as the unique c.

Definition 3.1.2. Let a,b be sets. Then define (a,b) = {{a},{a,b}}. (a,b) is a set by
pairing.

Proposition 3.1.3. (a,b) = (¢/,V/) <= a=d andb=1"0".

Proof. Suppose a = b. Then (a,b) = {{a},{a,b}} = {{a}}. By assumption {{a}} =
{{d'},{a’,V'}}. So by extensionality {a'} = {d’,V'}. Extensionality again gives a’ = b'. So
we have {{a}} = {{d'}}. Extensionality gives first {a} = {a'} and then a = a’. The case
a # b is similar. ]

Definition 3.1.4. We define ordered n-tuples inductively by

(a) =a
(a1, .. ans1) = (a1, ..., 0p), Anyr).

We cannot yet prove that {a,b,c} is a set. For this we need the following axiom.

Axiom 3 (Union). Let a be a set. Then there is a set b such that
r€b &< dccaxcec

Note 3.1.5. Extensionality tells us that b is unique (given a). We define [ A as the unique
b.

Definition 3.1.6. a Ub = J{a, b}
Notation 3.1.7. Ua = U r = U{x T € a}

xTEa
Now {a, b, c} is a set, since | J{{a, b}, {c}} = {a,b,c}.
Definition 3.1.8. Define z Cz <= Vi(t € z — t € z).

Axiom 4 (Power set). Let a be a set. Then there is a set b s.th. b has as members
precisely the subsets of a. Formally:

VaVyVz(z € y < z C x).
Note 3.1.9. Extensionality tells us that b is unique.

Definition 3.1.10. Given a set a, then p(a) is the set of all subsets of a, the power set
of a.

Axiom 5. Given a property P and a set a, then the collection of all y € a such that P(y)
18 a set.

What is a property? A property is a set that can be expressed in the language of ZF.

Axiom 5 (Separation, Comprehension). Let a be a set. Let o(x,y1,...,yx) be a
formula of ZF. Let pq,...,pi be sets. Then there is a set b such that

r€b < x€aand(x,pi,...,px) holds.

Formally:
Vyi .. VypVeduwVz[z e w - x € x A (2,91, -+, Yk)]-
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Remark 3.1.11. We have infinitely many axioms, one for each formula .

Remark 3.1.12. Extensionality tells us that b is unique.
Notation 3.1.13. Denote b by b = {x € a: p(z,p1,...,pr)}
Example 3.1.14. Let a,b be sets. Then aNb = {x € a:x € b} is a set.

Example 3.1.15. let a be a set (Axiom 0). Define ) = {x € a : © # xz}. Then 0 is a set
by separation, the empty set.

Is the universe V a set? Assume yes. Then A={x €V :2 ¢ z} isaset. Is A € A?
Aisasetso AeV.If Ac Athen A¢ A, so A¢ A But then A € A (Russell). Thus V'

is not a set. V is a class.

3.2 Classes

Definition 3.2.1. A class is an extension of a definable property,

A = {x : 90(1',]717 e ,pk)}a

where p; are sets and ¢ is a formula in the language. Classes are denoted by boldface
letters A, B, ....

Terminology 3.2.2. A class that is not a set is called a proper class.
Example 3.2.3. V is a class since V = {z : x = z}.

Example 3.2.4. A set is a class. Suppose a is a set. Then a = {z : x € a}, so a is a
class.

Definition 3.2.5 (Cartesian product). Let a,b be sets. Then a x b = {(x,y) : z €
a Ay € b}, the cartesian product.

Proposition 3.2.6. Let a,b be sets. Then the cartesian product a X b is a set.

Proof. Note that a x b is a class. Recall that (z,y) = {{z},{z,y}}. Soz € a,y € b=
z,y € aUb, a set. Hence {z},{z,y} € p(aUDb), a set. Hence {{z},{z,y}} € pp(aUb), a
set. Now

axb={(z,y) € pplaUb):x €aNy e b},

s0 it is a set by separation. 0
Note 3.2.7. Inductively we can define aj X as X ... X ay.
Definition 3.2.8. Suppose A = {z : ¢(z)} and B = {z : ¢(z)}. Then

(i) A=B <= Va(p(z) < ¥(2))

(i) AUB = {z: p(z) Ve (2)}

(i) ANB = {z:p(x) Ad(2)}

(iv) A\B={z:p(x) A =(z)}

(v) NA ={z:Vy(p(y) =z €y}
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Note 3.2.9. If A has at least one set, then NA is a set (by separation).

Definition 3.2.10. R is an n-ary class if

R={(z1,.. . 2m) o(@r, 2,y pi) )

Definition 3.2.11. A class function F is a binary class such that if (a,b) € F and
(a,c) € F then b = c.

Notation 3.2.12. If F is a class function and a is a set, then F(a) = b means (a,b) € F.
If A is a class, then

F[A|={b:3a € A :F(a) = b},
the image of A under F. Hence F[A] is a class.

Axiom 6 (Replacement, by Fraenkel). If F is a class function and a is a set, then
Fla] is a set.

Axiom 7. There is an infinite set.
How to express Axiom 7 in the formal language?
Definition 3.2.13. A set a is inductive if ) € a AVz(x € a — x U {z} € a).

Definition 3.2.14. Define 0,1,2,... by

0 =
1 =0u {0} ={0} = {0}
2 =1u{1}={0}u{1}={0,1}

n+1 =nU{n}={0,1,...,n}.

Note 3.2.15. If a is inductive, then 0 € a,1 € a,2 € a, .. ..

Now, using our definition of an inductive set, we can reformulate Axiom 7.
Axiom 7. There is an inductive set.

This is an axiom in the language. Now let C = {a : a inductive}. Then [ C is a set
(by Note 3.2.9 since C # 0)).

Note 3.2.16. () C is inductive. So [ C is the smallest inductive set (w.r.t. C).

Definition 3.2.17. w = C. In fact w = {0,1,2,...}, so in set theory w plays the role
of the natural numbers.

Note 3.2.18. We have de successor function S: w — w, S(n) =nN{n} =n+1.
Definition 3.2.19. Define (in w) n <m <= n € m.

Note 3.2.20. < is the usual order in N.

We can prove all of Peano’s axioms in our theory, including induction.
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3.3 Well-ordered sets

Definition 3.3.1. Let P be a set and < a binary relation on P. < is a partial order if
for all x,y,z € P

o <z (reflexivity)
o  <yAy<z= =y (antisymmetry)
o  <yAy<z=z<z (transitivity).
If this holds, we say (P, <) is a poset. < is total (linear) if Vo,y € P(z <y Vy < x).

Examples 3.3.2. < on N and < on Q are total orders. If X is a set, then C on p(X) is
a partial order, not a total order.

Notation 3.3.3. s <y <= z<yAz#y.

Definition 3.3.4. Let W = (W, <) be a total order. Then W is a well-order if whenever
X C W such that X # (), then X has a least element (a least element in X if for a € X
(Vy € X)(a <y)).

Examples 3.3.5. (N, <) is a well-order. (Z, <) is not a well-order. ([0,1],<) is not a
well-order since X = {% : n € N} has no least element. If W is finite and < is a total
order, then (W, <) is a well-order.

Theorem 3.3.6. Let (W, <) be a well-order. Suppose X C W such that the least element
m W oas in X and
Ve(Vyly <z —yeX)—xeX).

Then X =W

Proof. Suppose not. Then W # X, so W\ X # (. Let a be least in W \ X (since
well-order). Note that a is not least the least element in W. Furthermore if y < a then
y € X (since a is least). But then a € X by second condition. Contradiction. O

Definition 3.3.7. Suppose (P, <) and (Q, <) are posets. Then
e f: P — (@ is order preserving if for each x,y € P, x <y < f(z) < f(y).
e f: P — (@ isincreasing if for each z,y € P, z <y < f(z) < f(y).

Definition 3.3.8. Two well-orders (P, <) and (Q, <’) are isomorphic, (P, <) ~ (Q, <),
if there is f: P — @ such that f is 1-1, onto and order preserving.

Proposition 3.3.9. Let (W, <) be a well-order. Let f : W — W be increasing. Then
f(x) >z for each x € W.

Proof. Suppose not. Then there is x such that f(z) < z. W is a well-order, so there is a
least a such that f(a) < a. Now apply f. Then f(f(a)) < f(a). But f(a) < a, so a was
not least. Contradiction. O

Corollary 3.3.10. Let (W, <) be a well-order. Then the only isomorphism from W to
W is the identity (so (W, <) is rigid).
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Proof. Suppose f: W — W is an isomorphism. Thus f~! is also an isomorphism. So
fYz) >x Vo € W. Then z = f(f~!(x)) > f(z) = f(z) = z. But f(z) > z, and
hence f(z) = x. O

Proposition 3.3.11. Let (W1, <;) and (W, <) be well-orders. If Wy ~ W, then the
1somorphism is unique.

Proof. Suppose f: Wi — Wy and g: W7 — W, are isomorphisms. We will show that
f = g. We know that ¢g~': Wy — W, is an isomorphism, so g~' o f: W, — W, is an
isomorphism. But by Corollary 3.3.10 g7' o f = id,,, so go g~' o f = g oid, and hence
f=y O

Definition 3.3.12. Let a € W. Then W(a) = {z € W : z < a}, the initial segment of
w.

Proposition 3.3.13. If (W, <) be a well-order, then W is not isomorphic to an initial
segment of W.

Proof. Let a € W and suppose f: W — W (a) is an isomorphism. Consider f(a) € W(a).
Then f(a) < a. But by Proposition 3.3.9 f(a) > a. Contradiction. O

Corollary 3.3.14. Let (W, <) be a well-order. Then
Wi(a) ~W(b)=a=b.

Theorem 3.3.15. Let (Wy,<y) and (Ws,<y) be well-orders. Then exactly one of the
following holds:

o Wy~ W,
o Wi ~ initial segment of Wy
o Wy ~ initial segment of W1.
Proof sketch. Define
f=A(z,y) e Wi x Wy : Wi(z) ~ Wa(y)}-

By Corollary 3.3.14 we get that f is a function. For if W;(x) ~ Ws(y) and Wi (z) ~ Wa(y'),
then Wy(y) ~ Wa(y') so y = y'. Now f does the job. O

3.4 Ordinals

Let the order type have the following properties: o.t.(W;) = o.t.(Ws) if Wi ~ W, (that
is o.t.(W) = {W' : W ~ W'}) and o.t.(W;) < o.t.(Ws) if Wi ~ init segment of Ws.
We know that ~ is an equivalence relation. We want to pick precisely one set in each
equivalence class. That set will be an ordinal.

Definition 3.4.1. A set a is transitiveif x € y € a = x € a. Equivalently y € a = y C a.
Equivalently (Ja C a.

Note 3.4.2. If z is transitive, then x U {x} is transitive.
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Definition 3.4.3. A set a is an ordinal if it is transitive and € is a strict well-order on a.

Notation 3.4.4. Let «, 3,7,... vary over ordinals. Let On be the class of all ordinals.
Say a < 3 means a € 3.

Examples 3.4.5.
(i) 0 is an ordinal.

(ii) « € On = aU{a} € On

Proof. a € y € a U {a}. Then either y € a or y = a. If y € o, then x € a since «
is transitive. If y = a, then since x € y we have x € a. Hence z € a U{a}. O]

Hence 0,1,2,... € On, so w C On.
(iii) w € On.
Lemma 3.4.6.
(i) If « € On and € a, then 8 € On
(i) If a, 3 € On and o C 3, then a € 3
(#ii) If o € On then o C 5 or § C a.

Proof of (i). Suppose f € a, o € On. « is transitive so § C a. But « is strictly well-
ordered by €, so (8 is strictly well-ordered by €. We must show that [ is transitive.
Suppose x € y € 3. But  C a, so y € a. Hence x € y € a. « is transitive so x € a.
yepfeasy € a Thus {z,y,5} € a. € strictly well-orders o so € is transitive
ona. We have z € y € 5. Hence x € (3 (since € is transitive on «). O

Proposition 3.4.7. Some facts about ordinals:
(i) C linearly orders On. So o« C 3 or B C «.
(ii)) a ={F€On:[f<a}

(iii) Let C be a class of ordinals. Then () C is an ordinal, inf C (least ordinal in C).
(iv) Let X be a set of ordinals. Then |JX € On and | J X = sup X.

Definition 3.4.8. Let @ € On. Then o+ 1 = o U {a} (successor). a + 1 is the least
ordinal greater than a.

Ordinals comes in three shapes:
e 0, least ordinal,
e o = 3+ 1, alpha a successor, or
e « not successor, we say that a is a limit ordinal. In this case o = sup{f : § < a}.
Examples 3.4.9. w is a limit ordinal, the least limit. Define
X={w+lw+l+lLw+1+1+1,...}.

Then sup X is the least ordinal greater than w + n for all n € w, so sup X = w + w.
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Proposition 3.4.10. < well-orders On and On is transitive.
Proposition 3.4.11. On s not a set.

Proof. Suppose yes. Then On is an ordinal. So On+1 € On. But On+1 > On. On
the other hand On+1 € On so On+ 1 < On. Contradiction (Burali-Forti paradox). O

Theorem 3.4.12. Fach well-order (W, <) is isomorphic to a unique ordinal.

Theorem 3.4.13 (Transfinite induction). Let A be a class of ordinals (A € On).
Suppose

(i) 0 € A,
(ii)) ae A= a+1€ A,
(iii) If a > 0, « is a limit ordinal, and 3 € A for each 3 < o. Then o € A.
Then A = On.
Proof. Suppose not. Then On \ A # (). Let « be the least ordinal in On \ A. By
condition (i) o # 0. Suppose o = f+ 1. So f € A. But by condition (ii) 5+ 1 € A.

Contradiction. Suppose « is a limit. Then § < a = 3 € A. But then by condition (iii)
a € A. Contradiction. O]

Recall that a function f: N — X can be viewed as a sequence in X.

Definition 3.4.14. Let @« € On. Then f: a — X is called an a-sequence. A function
F: On — V is an On-sequence (where V' is the universe of sets).

Notation 3.4.15. An a-sequence is denoted by (ag)g<q or {ag: 5 < a}.

Example 3.4.16 (Cumulative hiearchy). Since On is inductive we can do recursive
definitions on On. Define V,, by

Vo 0
va+1 = @(Vo)
Vo =U{Vs:08<a} alimit.

This can be done in set theory. That is, (V,,)acon is an On-sequence.

Axiom 8 (Regularity). Let W = U Vo. Then V=W (V is the universe).

acOn
Variant: Veda.x € V,.

Axiom 8 proves that € is well-founded, i.e. there is no sequence of sets (x,,)n<, such
that zg 221 222> .. ..
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3.5 Ordinal arithmetic

Definition 3.5.1. Let o and 3 be ordinals. Consider the disjoint union of o and (3

A= (ax{0})U (B x{1}).
Let
(1,1) < (8,4) = i< jV(i=jAy<d)
be an order on A. Then < is a well-order. Define a+ /3 to be the unique ordinal isomorphic
to (A, <).
Example 3.5.2. a+ 1 is the least ordinal greater than a. 1 +w =w. w+1 > w. Hence

addition is not commutative.

Definition 3.5.3. Define < on a x b by
(7,0) <(&n) <= v<EV(y=EAd<n.

Then a - b is the unique ordinal isomorphic to (A4, <).
Example 3.5.4. -2 = a+ a but 2-w = w, so multiplication is not commutative.

Definition 3.5.5.
a¥=1

Bl =B . o
a? =lima® = supat, 8 limit.
§<pB £<p
Example 3.5.6. Let wy = w and wy,41 = w. Then let

w
ww

€ = limw,, = w”
n<w

Theorem 3.5.7. Peano arithmetic P is consistent iff we can do transfinite induction on
€o from the above example.
Definition 3.5.8. A class function F: On — On is normal if

(i) a < = F(a) < F(B) (F increasing)
(i) If « is a limit ordinal, then F(a) = sup{F(53) : § < a} = sup F(5) (F continuous).
B<a
Proposition 3.5.9. Let F be normal. Then there are arbitrarily large fizpoints (i.e. «
such that F(a) = a).

Proof. F is increasing, so F(a) > «a by Proposition 3.3.9. Now suppose we are given an
arbitrary . We want to find a > /3 such that F(a) = a. Consider F(/3). We know that
F(B) > B. If F(B) = 8 we are done. Otherwise define

ap =3
o = F(Oéo)

ani1 = F(ay,)

So we get a chain ap < a3 < .... Set a = sup,, a,,, « is a limit ordinal. Now by continuity
F(a) =supF(a,) = supa,41 = supa, = a,
n<w n<w n<w
so «a is a fixpoint and o > . O]
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3.6 Axiom of choice

Axiom 9 (Axiom of choice, AC). Let F be a family of non-empty sets. Then there is
a function f: F — |JF such that for each X € F, f(X) € X.

Remark 3.6.1.

e The f is called a choice function.
o JFC =7F + AC.
Axiom 3.6.2 (Well-ordering axiom, WO). Every set can be well-ordered.
Va3< (< binary relation, (a, <) well-order).

Theorem [ZF] 3.6.3. AC «— WO.

Proof. Assume (WO). Let F be a family of non-empty sets. Consider |JF, a set. Let <
be a well-order of |JF (here we used (WO)). Define f: F — |JF by letting f(x) be the
least y € x with respect to <. f is a set by separation.

Assume (AC). Given a set a we well-order it. Let f be a choice function for p(a)~ {0}
(exists by (AC)). Now define a class function G: On — a U {a} by

_J fla~x{G(pB):B<a}) ifG(B):B<a}l#0
G(O‘)_{a if G(B): B<al=0

This is a valid recursive definition.

Suppose that we know that there is an « such that G(a) = a. For z,y € a let
r<y <= 7,0 <a(G(y)=2ANG() =y A~y <9). Then < is a well-order on a, since
v,0 < o and G is 1-1 and onto a.

Now we have to prove that there is an « such that G(a) = a. Suppose not. Then
G: On — a. Now G is 1-1 so

b={z€a:Ja(Gla)=1)}

is a set by separation. G™! : b — On is an onto class function. But now by replacement,
G '[b] is a set, that is On is a set. Contradiction. O

Lemma 3.6.4 (Zorn’s lemma, ZL). Let (P, <) be a partial order. Suppose every chain
m P has an upper bound. Then P has a minimal element.

Remark 3.6.5. A chain is a linearly (total) ordered subset. An upper bound of A C P
is an a such that Vo € A(z < a). A element a is maximal inP if « < 2 = a = x (or
—3Jz(a < x)).

Theorem [ZF] 3.6.6. (AC)—(ZL).

Definition 3.6.7.
(i) A set a is countable if a is finite or there is a bijection f: w — a.
(ii) A set a is finite if for some n € w there is a bijection f: n — a.

Axiom 3.6.8 (Countable axiom of choice, CAC). Each countable family of non-
empty sets has a choice function.

Remark 3.6.9. (CAC) is not provable in ZF. (AC) is much stronger than (CAC).
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3.7 Cardinal numbers

Cardinals measure the size of a set.

Definition 3.7.1. We define a relation between sets. Let X,Y be sets.
(i) | X|=1Y] <= 3f: X — Y such that f is a bijection.
(i) |X|<|Y| < 3f: X — Y such that f is one-to-one.

Theorem [ZF] 3.7.2 (Schréder-Bernstein theorem). If | X| < |Y| and |Y]| < | X|
then | X| = |Y|.

But what should | X| itself mean? The relation is reflexive, symmetric and transitive.
We could say that |X| = {Y :|Y| = |X|}. The problem is that | X| then is a proper class.

We work in ZFC (i.e. ZF+AC). We know that for each set X there is a € On such
that f: o — X is a bijection. That is because X can be well-ordered by say <. Then
(X,<) ~ «a for some a € On, the isomorphism is witnessed by an order preserving
bijection.

Definition 3.7.3.
(i) |X] is the least & € On such that | X| = |«|.
(ii) o € On is a cardinal if |a| = a.
Notation 3.7.4. K, A\, y, ... vary over cardinals.
Examples 3.7.5.
(i) Each n € w is a cardinal.
(ii) w is a cardinal.

(iii) Let 5 € On, > w. Is f+ 1 a cardinal? Let f be a map that sends 5+ 1 to 0,
0—1,1—2/....,n+— n+1. Then f is a bijection, so |f| = |3+ 1|. But 8+ 1 is
not least so it is not a cardinal.

Lemma 3.7.6. k is a cardinal if and only if (Vo < k)(Ja| # |k]) if and only if (Va <
k)(there is no one-to-one f: kK — «) if and only if (Vo < k)(there is no onto f: a — k).

Theorem 3.7.7 (Cantor’s theorem). For each set X,

(X < lp(X)].
It follows that |p(w)| > w, so we have at least infinitely many cardinals.

Proof. First show |X| < |p(X)|. Define f: X — o(X) by f(a) = {a}. Clearly f is
one-to-one.

Now suppose | X| = |p(X)|. Let f: X — p(X) beonto. Let Y ={a € X :a ¢ f(a)}.
Note that Y is a set. Note further that Y C X so Y € p(X). Thus there is a € X such
that f(a) =Y. Isa € f(a)? If a € f(a) then a ¢ f(a) by definition. Contradiction, so
a ¢ f(a). But then a € f(a) by definition, so we get a new contradiction. Hence f is not
onto and hence |X| # |p(X)|. O
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Lemma 3.7.8. Suppose X is a set of cardinals. Then sup X is a cardinal.

Proof. Let o = sup(X). Suppose f: a — [ is a bijection for some 3 < a. We want a
contradiction. We know there is k € X such that § < k < a. But then

k= |kl = [fs]] < [fla]] = 6] <,
so we get a contradiction. O

Definition 3.7.9. Let x be a cardinal. Then ' denotes the least cardinal greater than
k. k1 is the successor cardinal of k. k is a limit cardinal if & is not a successor cardinal.

Definition 3.7.10. Define X: On — On by recursion:
N(O):NOZWO:Q}
N(OK + 1) = Na_;’_l = wa_;’_l - N;;
N(a) = sup{Ng : f < a}, o limit.
N enumerates all infinite cardinals.

Note 3.7.11. N is a normal class function. Hence there are arbitrarily large a such that
N, = a.

3.8 Cardinal arithmetic

Definition 3.8.1. Let x, A be cardinals. Then
(i) k+A=|k U A =]k x{0}UXx {1}
(i) k- A=k x A ={(a,B) :a € K, B € N}
(i) = [{f:(f: A= r)}

Note 3.8.2. The above definition generalizes the notions for finite cardinals.

Note that the operations are increasing. We shall prove that if kK > Ry, then s -k = k.
Define a well-ordering on On x On by

(@, §) < (7,0) <= max(«, ) < max(d,7)
V(max(a, §) < max(0,7) Ao < )
V(max(a, ) < max(d,7) Aa=vyA [ <)

Definition 3.8.3. Define the function I': On — On by letting I'(«, #) be the unique
ordinal isomorphic to {(v,9) : (v7,9) < (a, 5)}.

For example, I'(0,w) = w. Let I'[a x b] be the image of a x b under I'. Note that
I'[a x 3] is an ordinal, and that o — I'[ar X ] is increasing. Note also that I' is one-to-one.

Theorem 3.8.4. If k > Ny, then k- k = K.

Proof. 1t suffices to show that X, - X, = N, for all @ € On. We do this by induction on
the ordinals. Clearly true for @ = 0 since I'lw x w] = w.

We know that I'lw, X wa] D w,e. The induction hypothesis is that for each € < a, X -
Ne = Ne. If w, = INw, X w,] we are done since I' is one-to-one. Suppose wy, C I'wy X wy].
Thus there is (7,0) € ws X W, such that ['(v,0) = ws. w, is a limit ordinal since it
is a cardinal. Choose ¢ such that 7,0 < £ < w,. Thus I'l§ X ] D w,. But then
1€ X & > wa = Ny But [€ X & = €] - €] € < wa s0 [€] < wa. Then by induction
hypothesis w, = I'wa, ws|. Hence w, = wy, * Wa. O
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Corollary 3.8.5. Let K, A > Ry. Then k+ A = k- X\ = max(k, A).

Proof. max(k,\) > K+ A > k- > max(k,\) - max(k, A) = max(k, \). O
Note 3.8.6. [{f:x—2=1{0,1}} = |p(k)|- So by Cantor’s theorem r < 2~.
Hypothesis 3.8.7 (Continuum Hypothesis, CH). 2% = ;.

Godel proved that Con(ZFC') = Con(ZFC+CH). Cohen proved that Con(ZFC) =
Con(ZFC + —-CH).

Hypothesis 3.8.8 (Generalized Continuum Hypothesis, GCH). 2% =X ,;.
Theorem 3.8.9. Suppose k, \ are cardinals, 2 > k£ > X\ and X\ infinite. Then k* = 2*.
Proof. Clearly x* > 2* since 2 < k. By definition
= (A= R = IR
Note that F C p(A x k). Hence
A= |F| < |p(k x A)| = 2IFA = 952 — 94,
O

Theorem 3.8.10. Suppose {A; :i € I} is a family of sets indexed by I such that |A;] < k
for each i and |I| < k. Then
U4

In particular, a countable union of countable sets is countable.

Proof. ‘UieIAi‘ < ’UiEIAi = ‘UieIAi X {Z}‘ < ‘Uie[’ix {ZH = |k xI| < |k x K| =
K-k =K. L]

< K.

Examples 3.8.11.

{f:(f: R — R continuous}| = 2%

(1) 2] =Ro
(ii) Q] =Ro
(iii) |{algebraic numbers}| = Ry
(iv) |R| = 2%
(v) IC] = 2%
)
1)

{f:(f: R — R} = (2%)2"% = gRo 2% _ 2%
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Chapter 4

Model theory

4.1 Basic definitions and theorems
Definition 4.1.1. A mathematical structure is a tuple
A= (A;Ra; Fa; Ca),

where R 4 is a set of relations, F4 is a set of functions A™ — A and Cy4 is a set of constants.
Examples 4.1.2.

(i) M= (N; {<};{+,-,5};{0}). We usually write (N;<;+,-,S;0).

(i) (N, <).

(iii) G = (N,-), a group.
Definition 4.1.3. A signature or language is a triple

L=(R,F,C),

where R is a set of relation symbols with an arity, F is a set of function symbols with an
arity and C is a set of constant symbols.

A structure A is an L-structure if there is a one-to-one correspondence R4 < R for
R € R, where R4 is a relation in A, and similar for F and C (respects arities).

Given a language L we can define terms, atomic formulas and formulas. If |L| < R,
then |[formulas over L| < Wy.

Definition 4.1.4 (Interpretation of terms in A). Let L be a language and A be
an L-structure. Let #(Z) be a term (i.e. variables of ¢ are among z1,...,x,), and let
a= (al,...,an) e A™.

(i) If t = x;, then (@) = a;.
(ii) If t = ¢ € C, then t(@)* = .
(iii) If t = F(t1,...,tg), then F(ty, ..., t)(@) = FA(t (D)4, ... t(@)?).

Definition 4.1.5 (Truth of ¢(@) in A, Tarski). Let L be a language and A be an
L-structure. Let ¢ be a formula in L.
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(i) If o = t; = to, then A = (@) < t(@) = t5(a).
(ii) If R is a relation symbol in R, then A = R(d) <= R*(a).

(it}) A b (@) Ap(@) < A (@) and 4(@).

(iv) A | Jzp(z,d) <= thereis b € Asuch that A = ¢(b, @).
Recall that a sentence is a formula with no free variables.

Theorem 4.1.6 (Completeness theorem). A set of sentences T is consistent if and
only if T has a model, i.e. there is an L-structure A such that A =T (i.e. A= ¢ for all
peT).

Definition 4.1.7. A theory is a set of sentences.

Theorem 4.1.8 (Compactness theorem). A theory T has a model if and only if every
finite T" C T has a model.

Proof. (=) is trivial.

(<) Prove the contrapositive. Suppose T' does not have a model. By completeness
theorem, T is inconsistent. Thus 7' F 1. Note that a proof is a finite object. So only
finitely many ¢ from T goes into the proof. Let T” be the set of formulas ¢ that is a part
of the proof. Hence T" I L (same proof). Then 7" has no model by completeness. m

Theorem 4.1.9 (Léwenheim-Skolem theorem). Let L be a countable language and
let T be a theory. If T has an infinite model, then T has a countable model.

Theorem 4.1.10 (Lindstrém’s theorem). If L is a logic for which the compactness
theorem and Lowenheim-Skolem theorem holds, then L is contained in first order logic.

Example 4.1.11. Let N = (N, <, +,-,5,0), an L-structure. Let
Th(N) = {¢ : ¢ is an L-sentence and N |= ¢},

a consistent set of formulas. Note that Th(N) is complete, i.e. for each sentence ¢
Th(N) F ¢ or Th(N) = =p. Th(N) - ¢ <= N |= ¢. Expand the language L with a new
constant symbol ¢ to get L'. Add sentences {0 < ¢,1 < ¢,2 < ¢,...} (where 1 = S(0)
etc.).

Let = PU{0< ¢ 1<¢2<c,...}. Suppose T C T be finite. Then 7" has a model.
In 7" there are only finitely many terms and hence there is a number n € N such that if
t is a term appearing in 77, then tY < n.

Now interpret ¢ as n. Let N' = (N, <, +,-,.5,0,n). Compactness gives a model for P.
let 9 be the new model. Note that n € N = n < ™.

Suppose A is an L-structure. Suppose that X C A. We want to require X to be an L-
structure with relations, operations, constants inherited from A. For this we require that
each ¢4 is in X. Furthermore, suppose F' € F, F is n-ary. Then if @ = (ay,...,a,) € X"
we require F4(@) € X (i.e. X is closed under each F'1). Note that we need not worry
about relations.
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Definition 4.1.12. X C A is a substructure if the following holds:
(i) Bach ¢* is in X.
(ii) Suppose F € F, F is n-ary. Then if @ = (ay,...,a,) € X" we require F4(d@) € X.

Definition 4.1.13. Suppose X C A. Then (X)4 is defined to be the substructure
generated by X, i.e. the least (with respect to C) Y such that Y O X.

Example 4.1.14. Let X C A, where A is an L-structure. We want to construct (X) 4.
First method: Let

(X)a = ﬂ{Y : X CY and Y is a substructure of A}.

Note that this is an impredicative definition.
Second method: Define (X)4 in stages. Let Xo = X U {c* : ¢ € C}. Suppose X,, is
defined. Then define

Xp1 =X, U{FA@): F e F,dec X,}.
Now let

(X)a =] X

Suppose ai,...,a, € (X)4. Then ay,...,a, € X} for some k. Hence FA(a@) € X;;1 C
(X)a, so (X), is a substructure.

Suppose A is a substructure of B, R € F and @ € A. Then
AE R(d) < B E R(a).

But suppose B = Jzg(z). Thus there is b € B such that B |= ¢(b). This does not imply
that A = Jzp(z), since there may not be a witness in A.

Definition 4.1.15. Let A, B be L-structures. A is elementary equivalent to B, A = B,
if for each L-sentence ¢

AFp <= bEy

(so we cannot distinguish A, B via language).
Proposition 4.1.16. A ~ B = A = B, but not conversely.

Definition 4.1.17. Let A, B be L-structures. Then A is an elementary substructure of
B, A % B, if A is a substructure of B and for each L-formula ¢(Z) and each tuple @ € A

A (@) <= B = p(a).

Example 4.1.18. Let L = {<},A = (NN {0},<) and B = (N,<). Clearly A is
a substructure of B. Note also that A ~ B by n — n — 1. Consider the formula
o(x) =Vy(r <yVax=y). Then A = p(1) but B }~= ¢(1).

45



4.2 Non-standard analysis

Let R be the real numbers. R is characterized by the following properties:
e R is an archimedian ordered field without least or greatest element.

e R is separable, i.e. there is a countable dense subset (in each interval (a,b), a < b
there is an element of the set, Q is such a set).

o If ACR and A is bounded from above, then sup A exists.

Note that the last “axiom” is a second order axiom, since it varies over all sets of reals.

We want to construct R* such that R < R* such that whatever is true in R (expressible
in a first-order language) is also true of R*.
Let Ly be the following language:

e For each real » € R, a constant symbol 7.
e For each partial n-ary function f on R, an n-ary function symbol f.
e For each n-ary relation R on R, an n-ary relation symbol R.
Clearly R is an Lg-structure where #* = r, f® = f, R®R = R. So
Th(R) = {¢ : ¢ is an Lg-sentence,R = ¢}

is a complete theory.
Let ¢ be a new constant symbol, i.e. ¢ ¢ Lg. Let

T=Th(R)U{0<c,1<¢2<e¢,...}.

Compactness tells us that 7" has a model if and only if every finite subset of T has a
model. Given a finite subset Ty C T let n be largest such that n < c¢. R is a model of T
by interpreting ¢ as some r € R such that n < r. Hence R is a (Lg U {c})-structure and
R = Ty. Compactness tells us that 7" has a model. let the model be R*. Note that R* is
not unique, but R is unique up to isomorphism.

What does R* look like? Suppose f: R — R. Then f € Lg, so f has an interpretation
R R* — R*, which is denoted f*. Hence every n-ary function f on R gives rise to an
n-ary function f* on R*. Whatever (as long as expressed in the first-order language Lg)
holds true for f on R is also true for f* on R*. Note that c is not a part of the language.

The same is true for each relation R on R, which gives rise to R* on R*.

Example 4.2.1. N C R and N* C R*. N* is a non-standard model of arithmetic.

Suppose 71,72 € R and f(r;) = ro. Then R |= f(71) = 7 so R* | f(71) = 72, so
() =% =ry. But #¥ =71y, so f*(ry) = ro. Hence f* restricted to R is f, f* is an
extension of f. Usually we write f for both f and f*. Similar for relations.

Example 4.2.2. < is a relation on R. We have a corresponding relation <* on R*. If
r1,79 € R, then 1 <7y (in R) <= r; <* 5 (in R*). Again we do not write the star.

Now we have R* < R and R has an infinite element (i.e. a € R* and a > r for each
r € R). Let a € R* be infinite and positive. Then % ceR*. But0<r<a=0< i < %
Since a infinite, a > r Vr € R. Hence 0 < é < %
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Definition 4.2.3.
(i) ]R} ={a eR"

IreR:lal <r}
(ii) Ry = {a € R*||a| < 2 for each n € N}
Definition 4.2.4. Let a,b € R*. Then a ~ b if |a — b| € R}.

Note 4.2.5. If a ~band b ~ ¢, then a ~ ¢, since [a —c| = |la—b+b—c| < |a—b|+|b—|.
Infinitesimals (elements in RY) are closed under addition and multiplication.

Proposition 4.2.6. For each a € R} there is a unique v € R such that a >~ r (r is
denoted by std(a)).

Proof. Suppose r1,ry € R such that r; ~ a ~ ry. Then r; ~ ry, and hence |r; — ry| <
L¥n € N. Given a € R}. Let ry = inf{r € R: a < r}. Note that the set is a bounded
subset of R, so ry exists by completeness (sup, inf) of R. Now a < roVa =19V ry < a.
Suppose a = rg, then we are done. Suppose ry < a. Thenr +% > a, S0 % >a—ry >0
is true for each n € N. Hence a — ry € R} so a ~ ry. Similar for the case a < ry. O

Consider a sequence (S,)neny in R. This is a function S : N — R. It gives rise ro a
function S* : N* — R* such that for n € N, S*(n) = S(n). Note that N* contains an
infinite natural number.

Theorem 4.2.7. A sequence (Sp)nen s bounded (in R) if and only if S, € R} for each
w € N* N, where S, = S(w).

Proof. Suppose (.S,,) is bounded. Thus 3r € R such that Vn € N : |S,| < r. Let 7 be a
name for such r. Then B B
R = Vz(N(z) — [S(x)] < 7).

Thus R* is a model of the same formula. That is, w € N* = |S,| < 7.

Suppose S, € R} for each w € N* X\ N. let a € R* such that a > 0 and a infinite. Each
S. € Ry so each S, < a. We have no name for a, but we can say that such an a exists.
So

R* | 3yvaz(N(z) — |S(2)| <),

i.e. a is a witness for dy. Thus R is a model of the same formula. That is, there is r € R
such that Vn € N : |S,| < r. Hence (S,,), is bounded. O

Remark 4.2.8. Existential quantifier for a is all that is needed.

Theorem 4.2.9. Let S, be a standard sequence. Then lim,, . s, = r (in standard world)
if and only if r ~ S, for each w € N* ' N,

Proof. Assume lim,,_,o S, = r. So Ve > 03ny € N.(Vn > ng)(|S, — r| < ¢€). Then

Ve(N(z) Az >ng — |S(x) — 7| < é€).

Thus R* is a model of the same formula. Let w € N* ~\ N. Hence w > ng, and hence
|S, — 1| < €. €> 0 was arbitrary, so S, >~ r.

Suppose S, ~ r for all w € N* \ N. Let ¢ > 0,e € R, and let wy € N* ~ N. If
w>wy = |S, —r| < esince s, ~ r. Thus

R* = Jy(N(y) AVz(N(z) Az >y — |S(x) — 7| <€),

namely wq is a witness to dy. Thus R is a model of the same formula. That is, dng €
NVn > ng |S, — r| <€, and hence lim,, ., S, = 7. O
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Theorem 4.2.10. Let (S,) be a standard sequence. Then (S,) is convergent if and only
if S, ~ Sy for all w, N € N* N,

Theorem 4.2.11. Let f be a function f: R — R. Then f is continuous at x € R if and
only if f(x+n) ~ f(x) for each n € R.

Theorem 4.2.12. Suppose f is continuous at x and g continuous at f(x). Then go f is
continuous at x.

Proof. Given x we must show that g(f(x 4+ n)) =~ g(f(z)) for all n € Rf. But

9(f(@x+n)) = g(f(z) + &) = g(f(x)) +,
so the statement is proved. O

Theorem 4.2.13. f: R — R is uniformly continuous if and only if for each x,y € R*,
z~y = flz)~ fly)
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